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Introduction

Bayesiammethodsand particularlyMarkov chain Monte Carlo (MCMC)techniques are extremelyusefulin
uncertainty assessmentand parameterestimation of hydrologicmodels HoweverMCMCalgorithmscan
be difficult to implementsuccessfullgue to the sensitivityof an algorithmto model initialization and
complexityof the parameterspace Many hydrologicstudiesgvenrelatively simpleconceptualizationsye
hinderedby complex parameterinteractionswheretypical uncertaintynethodsare harderto apply. Three
recentlyintroducedMCMCapproachesare presentedherevia two casestudies Thealgorithmsompared
are the Adaptive Metropolis(AM),the Delayed RejectiorAdaptive Metropolis(DRAM»anNd the Differential
EvolutioMarkovChain(DEMC)

Research Approach

We investigatethe efficiencyand effectivenes®f theseMarkov chainMonte Carlo methodsvia two case
studies

TA Gaussianmixture distributionwithfive parametersand two distincimodes

TA coupled snowmelthydrologic modeling study with nine parameters using data from an
experimentalvatershed

Bayesian Inference

BayesiannferencegBl)is based on the applicationof % D \ Réeremstatingthat the posteriordistribution
of a parameterisproportionalto the S D U D P Hr\& distriditiormultipliedby a likelihoodfunction

TBlprovidesa frameworkfor parameterestimationand uncertaintyassessment

T The posteriordistribution of model parametersis generally analytically intractablefor evensimple
hydrologicmodels

TWe hencamplemenMarkov chain Monte Carlo methodsto estimatethe posteriordistributionin Bl

Markov chain Monte Carlo Algorithms

Thethree different algorithmsselectedfor this comparativeassessmentere developedwith the goal of
resolvingnanyof the inefficiencieassociatedvith moretraditional MCMCalgorithms

1The Adaptive Metropolis (AM) algorithm
was introducedby Haarioet al. [2001], and
O | hasthe followingcharacteristics

>The proposal distribution is updated
using the informationgained from the
posteriordistributiorthusfar.

>Often plaguedby initializationproblems

log-Likelihood

tTheDelayed RejectionAdaptive Metropolis
(DRAM) algorithmwas introducedby Haario
et al. [2006], and features the following
traits

>More efficiently searcheshe parameter
space by reducingthe probability that
the algorithmwill remainat the current
State

Figure 1. A theoreticalparameter surface,diagrammingAM & DRA
D O J R U abilitik B\explore the parameter surface Ringsrepresent
distance from the current location an algorithm can explore These
explorationlimitsillustrate ' 5 $ 0 -ability to searchmorespaceand $ O -
tendencyto falsely convergeto local maxima becauseof its more
constrictecgearcharea.

>Benefitdrom the advantagesof boththe
DRand AM algorithmspecauseof their
offsettingbehaviors

T TheDifferential Evolution Markov Chain (DEMC) algorithmwas introducedoy ter Braak[2006], withthe
alm of combiningthe strengthsof global optimizationand MCMC simulationThe importantattributes
Include

>Thegenerationof multipleparallel chainghat are able to interactwith eachother

>Theposteriordistributions estimatedwithoutdrawing samplegrom a multivariatgumpdistribution
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Case Study 1: Synthetic Gaussian Mixture

Offering a settingwherethe true distributionrwasknowna priori, the syntheticasestudywasperformedat a
fixed computationalbudgetof 50,000 iterationsfor eachof thethreealgorithmsof interest

Adaptive Metropolis

tThe likelihood of this mixture of normals is
proportionalto:

T True Distribution
+ Algorithm Estimation

tTheoverall successf eachalgorithmwasrelated to
the numberof model evaluations performed by
eachalgorithm

>The AM algorithm performed 50,000 model
evaluations

>The DRAMalgorithmperformed nearly 93,000
modelevaluations

>TheDEMC algorithmperformed250,000 model
evaluations

Delayed Rejection Adaptive Metropolis

Differential Evolution Markov Chain

Likelihood

Parameter

Figure2. Comparisomf parameterestimatiorbetweenthe AM, DRAMand DEMC algorithmdor 50,000 iterationsand one parameter
for a five-dimensionalGaussiammixture Valuesshownin blue were sampledin 5-D spaceand were projectedinto 1-D space The
exploration of the parameter surfaceis weakestin the AM algorithm,with only one mode sampled,while the DRAMand DEMC
algorithmsmanageto sampleeachmode

Case Study 2: Hydrologic Modeling Study

Althoughthe synthetiacase studyis valuable in assessinghe performanceof each MCMCalgorithmin a

controlled setting, application to a real-world example is desirable In this case, two scenarioswere
examined

1. Eachalgorithmwasinitialized at a point of known, low posteriordensity.
2. Eachalgorithmwasinitialized at a point of known, high posteriordensity.

By considerindboth the ideal case(whereinitial parametervaluesare very good) and the nonrideal case

(whereinitial parametervaluesare very poor), the three algorithmscan be comparedacrossa range of
possibilities

Hydrologic Model Description

Followinga top-down modeling philosophy, a conceptuaprecipitatiorrunoff modelhasbeen utilized to
better definetheabilitiesand inabilitiesof eachMCMCalgorithmstudied

TThesnowmelaccountingomponenis basedon a simpledegree-day styleapproach Themethodused
here, a temperatureand radiation index approach to snowmeltaccountinghas been shownto be
superiorto methodghat consideonlyair temperaturde.g., Brubakeetal., 1996].

TThe soll moistureaccountingand runoff routing componenselectedfor this study was based on the
Probabillity DistributedModel [PDM Moore 1985].

Figure3. A schematiof the PDMstructurewherespatial distributionof soilwater contentstoragecapacityacrosshe watersheddrives
the routingprocessWater in exces®f soilwater contentapacityis consideredas directrunoff and routedthrougha surfacestorage all
water thatis capturedin the sollis infiltrated into groundwaterand routedthrougha subsurfacestorage

Site Description

The Tenderfoot Creek Experimental Forest (TCEF)was
establishedin 1961 and is dedicated to researchon
subalpineforestson the east slope of the northernRocky
Mountains

Tt TCEHRs locatedat the headwatersof TenderfootCreek
In the Little Belt Mountainsof the Lewisand Clark
NationalForesitn Montana, USA

TCharacterizedby vast expansesof lodgepole pine
(Pinuscontortga, TCEFencompassezn area of 3,700
hectares

1The TCEFconsist®f seven distinct watersheds with
different vegetationand topographiccharacteristics

TElevationgat TCEFange from approximately1,830 to

Figure 4. Tenderfoot Creek Experimental Forest
2,440 meters . £

locationof importantfeaturesshown

Case Study 2: Results

Thetotal numberof iterationsnecessaryto
appropriately characterize the posterior
distributionwas set to 200,000 based on
pilot runs As with the first case study, the
number of model evaluationsplayed an
Important role In assessingcomputationa
demand

T Adaptive Metropolis
T Delayed Rejection Adaptive Metropolis
Differential Evolution Markov Chain

log-Likelihood

$200,000 model evaluations were
performedby the AM algorithm

TApproximately 360,000 model
evaluations were performed by the
DRAMalgorithm

t1The DEMC algorithm performed
4,000,000 model evaluations

Iteration

Figure5. Comparison of AM, DRAM and-ME parameter searches, started from a point of known low posterior density. The A
DEMC falsely converge to a local optimum, while the DRAM locates a region of higher posterior density.

Delayed Rejection Adaptive
Metropolis

Max Max Max
0) 0) 0 0) 0) 0)
2.5% Likelihood 97.5% 2.5% Likelihood 97.5% 2.5% Likelihood 97.5%

Adaptive Metropolis Differential Evolution Markov Cha

Parameter

187.30 188.00 189.10 186.90 188.00 189.90 187.30 188.00 188.70

0.0021 0.0100 0.0120 0.0004 0.0099 0.0153 0.0033 0.0100 0.0122

Tablel. The2.5 and 97.5 percentilesampledparametervaluesfor the AM, DRAMand DEMC algorithmsand valuescorrespondindo
the maximumog-likelinood Parametewaluesstartfroma pointof knownhighposteriordensity Foreachparameter,the DRAMsamples
a wider range of valuesjndicatingits ability to better characterizehetails of the distribution

Summary

T Traditional MCMC methods in predictive hydrologic modeling are often inefficient. We study here th
recently introduced improved MCMC formulations.

TIn a controlleactase studyhe DEMC algorithm was most able to characterize an extreme bimodal situ

TConversely, for a realvorld example, the DRAM algorithm was the only algorithm to not falsely convi
to a local optimum when started from a point of known, low posterior density while also maintaining
superior sampling of the distribution talls.

References

T Brubaker, K., A. Rango, and W. Kustas (1996), Incorporating radiation inputs into the snowmelt rundffdmddgical Processes, 10(10), 132 3.

T Haario, H., ESaksmanand J. Tammine(2001), An adaptive Metropolis algorithBernoulli, 7(2), 223242.

T Haario, H., MLaine A. Mira, and ESaksmai(2006), DRAM: Efficient adaptive MCNBEatistics and Computing, 16(4), 33.

T Moore, R. J. (1985), The probabHdistributed principle and runoff production at point and basin s¢dyesplogical Sciences, 30(2), 2237.

T ter Braak, C. J. F. (2006), A Markov Chain Monte Carlo version of the genetic algorithm Differential Evolution: easy Bpyt@stpfocosal parameter spaces,
Statistics and Computing, 16(3), 2340.




